Introduction
The Committee Parameters (Langejan et al. (2014) ) advises to use the KNW-model (after Koijen et al. (2010) ) to generate a representative scenario set for feasibility studies of pension funds. The scenario set enables a stochastic analysis of such feasibility studies. The underlying KNW-model is based on an affine factor model for the term structure. Stock returns, bond returns, interest rates, and inflation depend on observed factors and two latent factors. As such, the model contains relations between key financial risk factors of pension funds. CPB's task is to estimate the model on Dutch data and, if appropriate, to calibrate some parameters in order to fit the recommendations of the Committee Parameters. Draper (2014) describes the current methods for this estimation and calibration.
The calibration aims to adjust the Ultimate Forward Rate (UFR) and certain long-term expectations and covariances of the variables in the model. However, this calibration process introduces some arbitrariness. More specifically, the resulting parameter set may deviate substantially from the maximum likelihood set, even when taking the restrictions of the calibration into account. Instead of calibrating the model, we show how to impose restrictions in a continuous-time affine term structure model. In this way, the parameters correspond to the optimum of a constrained maximum likelihood estimation. The results suggest that the method in Draper (2014) provides suboptimal parameter estimates.
The main result of this paper is the derivation of closed-form expressions for the long-term (unconditional) expectations, covariances, and the term structure. The expressions are required for the constrained likelihood optimization, and replace simulations for a long-run analysis of parameter sets. Our results apply to a wide range of continuous-time affine term strucure models with the Markov property, including the models in Dai and Singleton (2002) and Koijen et al. (2010) .
The model is outlined in Section 2. Section 3 provides expressions for the mean and covariance of possibly transformed variables in a VAR(1)-model. Section 4 presents closed-form expressions for some characteristics of the term structure in terms of the parameters. The estimation results are in Section 5. We draw conclusions in Section 6.
The model 1
Affine term structure models are very common in the literature (see e.g., Dai and Singleton (2002) , Koijen et al. (2010) , and Gürkaynak and Wright (2012) ). We outline a generalized version of the model in Koijen et al. (2010) 2 , though our results apply to the VAR(1)-representation of any continuous-time affine term structure model.
As key determinants of pension risk, we consider inflation dΠ/Π, the stock return dS/S, the bond portfolio return dP B (τ )/P B (τ ) with a constant maturity τ , and the term structure y(τ ). The assumed dynamics are 3
Unobserved states dX t = −KX t dt + dZ t
Instant. expected inflation
Price index process
Instant. nom. interest rate
Stock return process
Bond return process dP B t (τ )
Prices of risk
Stochastic discount factor
where dZ ∼ N (0 (k+2)×1 , I (k+2)×(k+2) ), and
To ensure identification of X and Z, Koijen et al. (2010) impose
This excludes rotations (e.g., a switch) of the last two components of Z.
(ii) K is a lower triangular matrix: This excludes rotations (e.g., a switch) of the components of X, and thus of the first k components of Z.
More implicit identification restrictions are the absence of a drift term in (1) which excludes a translation of X, and the unit standard deviations of dZ which excludes a scaling of X. To exclude that −X gives the same fit as X, an additional identification restriction should be imposed on the sign of X or on the sign of certain parameters. Of course, none of the identification restrictions changes any of the dynamics of the non-state variables, or any of the expressions we derive. Using stochastic calculus, the aggregate model is a multivariate Ornstein-Uhlenbeck process:
where
After discretization with step length h, a VAR(1)-model emerges from (9):
where Y t = X t ∆ log Π t ∆ log S t ∆ log P B (τ ) is a random vector, and 4
with F a diagonal matrix, Θ 1 = U DU −1 , and
The random vector Y is stationary if X is stationary, or equivalently, K is positive definite in (1). The flexible step length h is useful if estimation and simulation have a different frequency. Without loss of generality, we restrict the analysis to the case h = 1.
Using (8) and a no arbitrage argument, the term structure of nominal continuously compounded (i.e., nominal log) yields y t is affine in the k state variables:
with τ the term to maturity, and ξ τ,t ∼ N (0, σ τ ) an independent measurement error. The maximum likelihood estimate corresponds to the maximal loglikelihood sum of the disturbances ε t in (10) and the measurement errors ξ τ,t in (12). The functions A : τ → R, and B : τ → R k satisfy
where M = K +Λ 1 andẋ denotes the derivative of the function x. Define
We assume a positive definite M in (16) which ensures a finite b 0 . The Ultimate Forward Rate (UFR log ) is the cross-sectional lim τ →∞ E[y t (τ )]. Since X is stationary and lim τ →∞ B(τ )/τ = 0, we find for each t
The UFR as an annually compounded rate of return is given by
Equation (12) implies that only measurement error ξ τ,t can explain time variation in the observed UFR: lim
The dynamics in the price of risk in (7) are completely determined by the k prices inΛ. To see this, (i) inflation, (ii) the stock return, and (iii) the bond return depend on the state variables in X as well as variable-specific shocks. None of these three variables affects the dynamics of priced risk:
(i) The price of unexpected inflation risk has no risk premium in (3) because the price of unexpected inflation risk cannot be identified on the basis of data on the nominal side of the economy alone. We follow Koijen et al. (2010) by assuming that the price of unexpected inflation risk equals zero.
(ii) The equity premium in (5) is assumed to be fixed at η S , and thus time independent.
(iii) The risk premium of the bond price in (6) is derived from the affine term structure y t (τ ) in (12).
Hence, the dynamics in the price of risk are implied by the dynamics of the k linearly independent risks inΛ. The bottom two risks in Λ that are absent inΛ follow from the restriction on the equity premium (σ S Λ 0 = η S and σ S Λ 1 = 0 1×k ), and the absence of priced unexpected inflation risk (Λ 0(k+1) = Λ 1(k+1,1) = . . . = Λ 1(k+1,k) = 0). Therefore, the parameters that determine the price of risk are inΛ 0 andΛ 1 . It is straightforward to augment Y in (10) with additional bond portfolios having different maturities (augment Θ 0 , Θ 1 , and σ Υ in (9)), or with yields from (12) (augment γ, Γ, and V directly in (10)). Adding bond portfolios or yields to Y does not add any new parameter to the VAR(1)-model. In any case, the model we estimate contains the same number of parameters.
In the next section, we derive the mean and covariance of Y in (10). Closed-form expressions for some characteristics of R(τ ) in (19) are in Section 4.
Mean and covariance

6
We derive expressions for the mean vector and covariance matrix of the variables Y in the VAR(1)-model in (10). Such expressions are needed for the implementation of certain constraints in an 5 To keep our derivations manageable, we consider the term structure of continuously compounded yields. Otherwise, we need to consider yields following a lognormal distribution with long-run expectation
The additional term from the variance would complicate the analysis unnecessarily. 6 The main derivations in this section are based on Cochrane (2005) .
optimization procedure. In addition, they are helpful for informative purposes on the long-run behaviour of the model. The expressions are unconditional on realizations of Y which means that the expressions are long-run expectations. The random vector Y may contain any stationary series: inflation, GDP growth, returns (possibly continuously compounded), a latent stationary factor, etc. We derive arithmetic means and variances of the annually compounded returnsỸ = exp(Y ) − 1. We end this section with an expression for the geometric mean of Y . Without loss of generality, we consider a step length of one period, h = 1. Induction on (10) gives
It follows from the stationarity of Y that the eigenvalues of Γ are within the unit circle of the complex plane. Accordingly, Γ t−1 Y 0 → 0 as t → ∞, and for some µ and Σ,
Using (21):
This leads to an explicit expression for the elements in Σ: 7
Next, we consider the annually compounded rates of returnỸ t = exp(Y t ) − 1 where Y is a vector of annually compounded returns. Let D Σ represent the diagonal matrix with the diagonal elements of Σ. Using well-known properties of the lognormal distribution and (20), we find as t → ∞,
Equations (25)- (26) refer to the limiting distribution of continuously compounded returns over a single period t. Expressions for the cumulative mean arithmetic return
The geometric mean return Y G t is a cumulative return that depends as follows on the mean realized continuously compounded returnȲ t := 1 +Ỹ s
Thus, the gross return
As such, Y G t converges to a degenerate distribution Y G with full probability mass at
When optimizing parameter sets in the stationary model (10), the expressions in (22), (24)- (27) enable us to restrict the unconditional, i.e., long-run, means and covariances of the variables.
Restrictions on the term structure
In Section 3, the time series model in (10) led to relatively straightforward expressions for the mean and covariance of the variables in Y . In this section, we derive more complicated, though closedform, expressions for the cross-sectional expressions of some characteristics of the unconditional, i.e. long-run, term structure, R(τ ) in (19). Referring to the functions A(τ ) and B(τ ) in (13) and (14), Duffee (2002, p.408) states: 'The functions A(τ ) and B(τ ) can be calculated numerically by solving a series of ordinary differential equations (ODEs).' Compared to numerical evaluations, the closed-form expressions we derive below are superior in terms of speed and accuracy. In a similar setting, Dai and Singleton (2002) also derive closed-form expressions for A(τ ) and B(τ ). Nonetheless, their result contains a matrix exponential and the trace of a complicated matrix product. As a consequence, the link to the underlying parameters is less obvious in their expressions.
Let us start with a straightforward restriction. Since the price of unexpected inflation risk equals zero (see p.5), the long-run instantaneous real interest rate is the difference between the long-run nominal interest rate δ 0R in (4) and the long-run instantaneous inflation δ 0π in (2):
A nonnegative long-run instantaneous real interest rate is thus equivalent to δ 0R ≥ δ 0π . It is straightforward from (13)- (16) thaẗ
We must have lim τ →∞ |B(τ )| < ∞ to ensure lim τ →∞ P(|y t (τ )| < ∞) = 1. This corresponds to positive eigenvalues of M . Equivalently, the leading principal minors are positive
where M i is the upper-left i × i sub-matrix. Expressions for the term structure R(τ ) at τ = 0 follow most easily from a Taylor series expansion of the integrandȦ(s) in (13) around τ = 0:
Therefore,
Next, we find closed-form expressions for A(τ ),Ȧ(τ ), and B(τ ) and R(τ ) with τ > 0. In Appendix B, we show that we can discard M with complex eigenvalues because the corresponding term structure has components with an oscillating pattern. In addition, we assume that M is diagonalizable since (i) this simplifies derivations significantly, (ii) we did not encounter non-diagonalizable (defective) M in the likelihood optimization when optimizing over K andΛ 1 , and (iii) the class of defective matrices has measure zero in the class of matrices. Nonetheless, the Jordan matrix decomposition can extend the results to defective matrices.
Let D λ denote a diagonal matrix with diagonal elements of the vector λ. For a diagonalizable matrix M with eigenvalue vector λ and eigenvalue decomposition M = V D λ V −1 :
This gives for (14) the analytical expression
where b 0 = −M −1 δ 1R . By substituting (37) in (15), we may finḋ
where for i, j ∈ {1, . . . , k}
By integrating (38) and using A(0) = 0 (see (13)),
Substitution of (39) in (19) gives for the unconditional term structure: 8
The slope of the unconditional term structure is:
The expressions in (40) and (41) enable us to restrict the level and the slope of the term structure at certain τ .
To facilitate an easier optimization of the likelihood function, we optimize over M = K +Λ 1 instead ofΛ 1 . Then, we can impose that M has k distinct positive eigenvalues and each eigenvector v i of M has a positive first entry. The optimal (continuous) likelihood function is unaffected when matrices with identical real eigenvalues are excluded because the class of matrices with k distinct real eigenvalues λ i and v i(1) = 0 is dense in the class of matrices with real eigenvalues. Similarly, the sign restriction does not restrict the optimal likelihood since v i and −v i are both eigenvectors of M . Therefore, an appropriate k-dimensional matrix M has a unique representation To deal with the inequality constraints on λ i , the auxiliary parametersλ i = log (λ i − λ i−1 ) with λ 0 = 0 are useful in the optimization since eachλ i is unrestricted and λ j = j i=1 exp λ i . The vectors v i represent directions, which are efficiently captured by a polar coordinate system.
For the two-dimensional case (k = 2), one can verify that distinct real eigenvalues are equivalent to the condition
Estimation results
We estimate the model in Section 2 with k = 2 and certain restrictions on the variables. The optimal parameter set is compared with other parameter sets: the estimated set in Draper (2014) , and two calibrations of this set. We use the same time series in Van den Goorbergh et al. (2011) to facilitate a fair comparison with Draper (2014) . This dataset contains quarterly time series for inflation, stock returns, and swap yields with maturities of 3 months, 1, 2, 3, 5, and 10 years. We have updated this dataset with 2014 data. 9 We follow Draper (2014) by deriving the latent state variables in X t from the two-year and five-year yields. More specifically, we assume that both yields y t (2) and y t (5) are measured without error (ξ 2,t = ξ 5,t ≡ 0) such that the state vector X t ∈ R 2 at each time t follows uniquely from (12): 10
where A(τ ) ∈ R is the intercept, and B(τ ) ∈ R 2 captures time variation in the risk premiums. The functions A and B depend on the model parameters. The optimal set of these parameters maximizes the sum of the loglikelihoods of the observed series in (10) and (12). 11 That is, the likelihood of the time series of inflation, stock returns, and the term structure. The likelihood of the term structure is based on the measurement errorsξ τ,t (residuals) of the three-month, one-year, three-year, and ten-year yields. Since the yields with 2 and 5 years to maturity are measured without error, they completely determine the two-dimensional state X t at each time t. The state in turn determines in (10) the errors at the other maturities.
Rather than optimizing the parameter set without any constraint and calibrating the model afterwards, we add the constraints in Table 1 to the optimization procedure. The constraints force us to reconsider the optimization procedure of Goffe et al. (1994) as employed in Draper (2014) . This procedure iterates over potentially optimal sets of parameters, and should reduce the likelihood 
converging ts
non-oscillating ts
nonnegative real int. rate at τ = 0 r(0) ≥ 0
increasing ts at τ = 0Ṙ(0) ≥ 0
concave ts at τ = 0R(0) ≤ 0
increasing ts at τ = 120Ṙ(120) ≥ 0
0 + . . . of finding a local, non-global, optimum. The latter is highly relevant for our large scale optimization with 23 parameters. 12 As the method of Goffe et al. (1994) cannot deal with restrictions, we rewrote both variable restrictions of the equality form a x = b (long-run inflation at 2%, and UFR at 4.2%) in such a way that one parameter is uniquely determined by the other parameters. The substitutions ensure that one free parameter is dropped for each restriction. The remaining parameter set is without any restriction of the equality form a x = b. A candidate parameter set x which violates any of the restrictions in the inequality form a x ≤ b or a x ≥ b is simply discarded.
In addition to the substitutions introduced above, we supplement the optimization algorithm of Goffe et al. (1994) with a constrained interior point optimization routine. Table 2 presents the estimates and the loglikelihood of four different parameter sets:
(i) the maximum likelihood estimate in Draper (2014) , which is based on the sample 1973-2013.
(ii) the calibrated parameter set in Draper (2014) .
(iii) the calibrated parameter set of DNB based on Draper (2014) , and employed for the 2015Q2 feasibility study for Dutch pension funds.
(iv ) our maximum likelihood estimate using the full sample 1973-2014 subject to the restrictions in Table 1 .
Taking account of the wide standard errors of the estimates (i) and (iv ), the different parameter estimates are close to each other. 13 Nonetheless, the parameter sets differ in a number of ways. The constraint of a nonnegative real interest rate at τ = 0 is binding for estimate (iv ) since δ 0r = δ 0R − π 0 = 0 in (28). The other parameter estimates correspond to a strictly positive instantaneous real interest rate. Notably, the likelihood LL 2013 of our optimal estimate (iv ) exceeds the loglikelihood of the estimate (i) from Draper (2014) . This is surprising as our sample includes 2014 while LL 2013 is based on the sample 1973-2013. Apparently, the optimization algorithm in Draper (2014) found a local optimum. Table 3 reports the UFR and the long-run statistics of each parameter set. It turns out that the relatively small difference in parameters have a large impact on (a) the equity risk premium, as measured by R S − R(0), and (b) the term structure, as measured by UFR log , R(τ ), and R B (τ ) with τ > 0.
First, the equity premium is mainly explained by differences in η S − δ 0R . By (4) and (5), a high η S results in a high E R S in estimate (ii). In estimate (iv ), a low η S and a low δ 0R imply a low E R S and a low E[R(0)], respectively. Second, following (33) and (34), the relatively large differences in the estimates of δ 0R and Λ 0 explain differences in levels, slopes and curvatures of the term structure. This translates into large differences of the UFR, R(τ ), and B(τ ), particularly 12 Koijen et al. (2010) do not refer to a specific optimization procedure, though the same large number of parameters is estimated.
13 The standard errors of (i) slightly differ from Draper (2014) because that paper approximates the derivatives numerically with a relative step length of 0.01. Our smaller relative step length of 10 −6 gives more accurate estimates. Realized inflation process Table 1 . Standard errors are determined using the outer product gradient estimator of the likelihood function, which is only feasible at a max. likelihood estimate. The parameter symbols are identical to Koijen et al. (2010) . LLy refers to the loglikelihood with the sample ending at year y. for large τ . The long-run standard deviations (volatilities) of the different parameter estimates are remarkably similar. Figure 1 shows the four term structures together with the corresponding asymptotic level, UFR log . The latter is appropriate here since R(τ ) is also a continuously compounded yield (see (12) and (19)). The term structure of the parameter sets (ii) and (iii) starts to exceed the corresponding UFR around τ = 20 and τ = 30, respectively. This indicates a decreasing term structure at some (large) maturity τ , which is at odds with the empirical evidence of a higher risk premium at longer horizons. 14 Nonetheless, the overshooting remains small in both cases.
Conclusions
This paper provides closed-form expressions for certain characteristics of the VAR(1)-representation of a continuous-time affine term structure model such as the models in Dai and Singleton (2002) and Koijen et al. (2010) . We provide analytical expressions for the long-run, i.e., unconditional, expectations and variances of inflation, stock returns, bond portfolio returns, and nominal yields. In addition, we derived closed-form expressions for some other characteristics of the term structure.
The analytical expressions are useful in the following ways. First, the expressions are essential when maximizing a likelihood function with constraints on long-run expectations or covariances. The analytical expressions obviates calibrations which necessarily involve some arbitrariness. Second, the analytical expressions enable an ex-post analysis of different parameter sets in terms of long-run values for expectations, covariances, and the term structure, without any need for simulation. To illustrate our results, we estimated a parameter set with an additional year of data, and improved the optimization method. While our optimal parameter set is very similar to previous sets in terms of long-run standard deviations, it differs substantially in the long-run expectation and the term structure. This indicates that a thorough long-run analysis is crucial when evaluating a parameter set for a long-run scenario analysis.
where eachM (d) is an n b × n b matrix with nonzero entries on the dth superdiagonal:
This extends to the Jordan matrix J as
where D is a diagonal matrix with the same diagonal as J, n B = max b (n b ) − 1, and each M (d) is an n × n matrix with nonzero entries on the dth superdiagonal:
Applying (46) to the Jordan matrix decomposition Θ 1 = U JU −1 gives for the disturbance covariance in (43):
A diagonalizable matrix corresponds to J = D and n B = 0. Then, the expressions for γ, Γ and V in (11) coincide with (44), (45) and (47), respectively.
B Complex eigenvalues
Things are slightly different if M ∈ R k×k has complex eigenvalues. We consider k = 2 and M with eigenvalues λ 1 = a + bi and λ 2 = a − bi (b = 0 and a, b ∈ R). We show that although the complex terms cancel out, the term structure R(τ ) contains an oscillating component which is undesirable from an empirical perspective. It is easy to extend the analysis to k > 2.
To rule out an oscillating term structure, we restrict the estimation of M to real eigenvalues. This restriction is important as for instance in the two-dimensional case the complex eigenvalue set {(a + bi, a − bi) : a, b ∈ R} has the same measure as the real eigenvalue set {(a, b) : a, b ∈ R}.
This implies for the vector b 1 in (36)
Considering v j = u ± vi, v −1 j = p ± q i, and λ j = a ± bi for j = 1, 2, only b, q, and v have different signs for b 1 and b 2 . Therefore,
This gives
is a real-valued oscillating function around exp(−aτ ).
Substituting (48) into (15) gives after some algebra,
Because M is positive definite, we have without loss of generality a, b > 0. Using the identities 15 and integrating (49) leads to another real-valued oscillating function:
A(τ ) = a
(1) Again A(0) = 0 as k j (0) = 0 for j ∈ {1, . . . , 5}. We obtain from (50) an explicit expression for the unconditional term structure R(τ ) = −A(τ )/τ : 
The eigenvalues of M are 0.05 ± 0.477i and the term structure does indeed have an oscillating pattern.
C Data
Following Draper (2014) • Yields: Six yields are used in estimation: yields with a three-month, one-year, two-year, three-year, five-year, and ten-year maturity.
-Short nominal yields: three-month money market rates are taken from the Bundesbank. 17 For the period 1973:I to 1990:II, end-of-quarter money market rates reported by Frankfurt banks are taken, whereas thereafter three-month Frankfurt Interbank Offered Rates are included.
-Long nominal yields: From 1987:IV on, zero-coupon rates are constructed from swap rates published by De Nederlandsche Bank. 18 For the period 1973:I to 1987:III, zero coupon yields with maturities of one to 15 years (from the Bundesbank website) based on government bonds were used as well (15-year rates start in June 1986). No adjustments were made to correct for possible differences in the credit risk of swaps, on the one hand, and German bonds, on the other. The biggest difference in yield between the two term structures (for the two-year yield) in 1987:IV was only 12 basis points.
• Stock returns: MSCI index from FactSet. Returns are in euros (Deutschmark before 1999) and hedged for US dollar exposure.
